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We show that a consistent modeling of porous flows needs at least one free collision relaxation rate to avoid
a nonlinear dependency of the numerical errors on the viscosity. This condition is necessary to get the
viscosity-independent permeability from the Stokes flow and to parametrize properly (with nondimensional
physical numbers) the lattice Boltzmann Brinkman schemes. The two-relaxation-time (TRT) collision operator
controls all coefficients of the higher-order corrections in steady solutions with a specific combination of its
two collision rates, a possibility lacking for the Bhatnagar-Gross-Krook (BGK)-based single-relaxation-time
schemes. The analysis is based on exact recurrence equations of the evolution equation and illustrated for the
exact solutions of the Brinkman scheme in simply oriented parallel and diagonal channels. The apparent
viscosity coefficient of the TRT Stokes-Brinkman scheme in arbitrary flow is only approximated. The com-
patibility of one-dimensional arbitrarily rotated flows with the nonlinear (Navier-Stokes) equilibrium is exam-
ined. An explicit dependency for all coefficients on the relaxation rates is presented for the infinite steady state

Chapman-Enskog expansion.
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I. INTRODUCTION

The description of viscous flow inside a mixed fluid-
porous system is needed for many technological problems,
such as, for example, permeability studies for materials with
distinct pore size length scales or fractures [ 1-3], liquid com-
posite molding [4], or flows through filters [5]. The Brink-
man equation [6], a semiempirical viscous modification of

Darcy’s law for the volume-averaged pressure P and velocity
u,

V-u=0,
Ve n
vK Y+ —VP—-g=—"Au, (1)
Po ¢

aims to account for the presence of the solid boundaries in
Darcy (small-pore) flows, combined with a Stokes descrip-
tion for free (large-pore) fluid. Darcy’s law is recovered
when the velocity derivatives are sufficiently small, i.e., the
scale of velocity variation is much larger than O(V||K])). The
Brinkman equation, theoretically justified in [9] via the vol-
ume averaging of the Stokes equation, is also used as a trans-
mission condition (e.g., [10~13]) between a porous flow and
a free fluid. The effective value of the Brinkman viscosity

coefficient, hereafter = with ¢ as the porosity of the me-
dium, is still a subject of theoretical and numerical investi-
gations (e.g., [1,14-16]).

A uniform numerical scheme can be designed for solving
the microscopic and macroscopic porous flow in the frame of
the lattice Boltzmann equation (LBE) method [17,18]. The
Bhatnagar-Gross-Krook (BGK)-Brinkman models
[3,4,7,19-21] incorporate the Darcy or Forchheimer resis-
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tance force into the single-relaxation-time (BGK) hydrody-
namic model [8]. This paper is inspired by the recent work
by Nie and Martys [7], where a discrepancy between the
apparent viscosity coefficient and the predictions of the
second-order Chapman-Enskog analysis, traditionally used
to derive the macroscopic equations following the pioneering
work by Frish et al. [22], is demonstrated for parallel and
diagonal Brinkman channel flow.

The present work shows that this discrepancy is caused by
a coupling of the second- and higher-order coefficients re-
lated to the spatial variation of the resistance forcing, propor-
tional to the local velocity. We show that all higher-order
coefficients are set by a specific (called “magic”) collision
combination of two relaxation parameters of the two-
relaxation-time (TRT) operator [23-26]. It becomes possible
to arrange them as an apparent correction of the viscosity
coefficient, but only for flow parallel to one of the lattice
axes. The specific values of the magic combination allow
then to fit the channel velocity either to the exact (exponen-
tial) solution of the Brinkman equation or to the exact solu-
tion of the finite-difference discretization scheme.

This work extends the analysis [26,27] of the parametri-
zation properties of the steady numerical solutions for the
hydrodynamic and advection-diffusion equations to the TRT
Stokes-Brinkman equation. Based on recurrence equations
[27] derived from the evolution operator and without the
help of the Chapman-Enskog expansion, this analysis shows
that the steady Stokes flow is linear with respect to the ratio
of the applied forcing to the applied kinematic viscosity, and
that the Navier-Stokes-type equations are controlled, for all
orders, by nondimensional physical numbers (such as the
Reynolds and Froude numbers, in the incompressible regime,
plus the Mach number, in the compressible regime) provided
that the specific combinations of relaxation parameters asso-
ciated with the symmetric and antisymmetric collision modes
are set. We mean here that only when the fixed values are
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prescribed for them, then the nondimensional solutions of the
LB schemes on the same grid are identical for any variation
of the physical parameters governed by the nondimensional
physical numbers.

These findings provide the principal elements to explain
why a prescribed value for the magic parameters fixes a
viscosity-independent permeability for different types of po-
rous structures (e.g., [27-29]). The present work extends this
property for the TRT Stokes-Brinkman schemes and gives
the necessary conditions to avoid a nonlinear dependency of
their apparent transport coefficients on the viscosity. The
magic parameter is proportional to the square of the viscosity
coefficient for the single-relaxation-time model. That is why
the BGK-based schemes cannot avoid a nonlinear depen-
dency of their higher-order corrections on the viscosity, dem-
onstrated by the exact solution [7], whatever boundary
schemes are applied.

The Chapman-Enskog approach reduces to a specially ar-
ranged summation of the truncated Taylor series for steady
solutions. A leading-order discrepancy in the apparent vis-
cosity coefficient is revealed already by the second-order
Chapman-Enskog analysis when the nonlinear spatial varia-
tion of the forcing is taken into account. Infinite expansion
satisfies the recurrence equations for an arbitrary (sufficiently
smooth) equilibrium function and the most general linkwise
collision operator; the stationary macroscopic bulk equations
then coincide in both approaches. The TRT operator presents
a common subclass of the link (L) model [23,25] and
multiple-relaxation-times (MRT) models [17,18,30-34]. All
solutions derived for the TRT operator are valid for the MRT
models, taking one relaxation value for all their symmetric
(and one for all antisymmetric) collision modes.

The paper is organized as follows. The L and TRT models
and their recurrence and exact steady equations are presented
in Sec. II. The microscopic and macroscopic solutions of the
TRT scheme for the Stokes-Brinkman channel flow are con-
structed in Sec. Il and Appendix A. The possibilities of
reaching the one-dimensional velocity and constant pressure
distributions in arbitrarily rotated channels based on the
Navier-Stokes-type equilibrium function are examined in
Appendix B and summarized in Sec. III D. The steady solu-
tion for all coefficients of the infinite Chapman-Enskog ex-
pansion is derived in Sec. IV and Appendix C. Section V
concludes the paper.

II. EVOLUTION, RECURRENCE, AND MACROSCOPIC
EQUATIONS

A. The L model

We assume an equidistant d-dimensional computational
mesh {r} where the velocity vectors {c,} interconnect the grid

nodes. The velocity set contains Q vectors: one zero, ¢y= O
for the immobile population, and Q-1 nonzero ones, cq
={c,q-@=1,...,d}, for the moving populations. Cubic veloc-
ity sets [8] with two moving classes are assumed, e.g., two-
dimensional models with nine velocities (d2Q9), and three-
dimensional models with 15 and 19 velocities, d3Q15 and
d3Q19, respectively. Each nonzero velocity vector has a dia-
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metrically opposite one. Below we refer to a pair of antipar-
allel velocities (c,,cz) as a link. The unknown variables of
the scheme at the node 7 and time ¢ are the components of
the QO-dimensional population vector f(r, t) f={f0.(f4-f7).q
—1 .. ,Q—} The combinations = df (l,/fq+ ) and o,

(zpq ;) are referred to as the symmetric and anti-
symmetrlc components, respectively, for any link pair
(g t): =ti+,, ¥ q. We set == and yfy=ys
=0 for the immobile population. A pair of collision eigenval-
ues {)\;,)\;} governs the relaxation of the symmetric and an-
tisymmetric nonequilibrium components, respectively. It is
noted that the eigenvalues are equal for two antiparallel ve-
locities )\ )\+ and A =M. Prescrlbmg for each link the
equlhbrlum and source components eq and {S }, respec-
tively, the update rule of the L model reads

[ F+cpt+ ) =f (R0, ¢=01,...,0-1,
]70(’7’[)=f0(;’t)+80’
~ . + _ -1
fq(rat)=fq(r7t)+gq+gq7 q=17"'aTa
- . . N . 0-1
fg(r,t)zfg(r,t)+g;—gq, Cg=—Cy qzl,---,T,

—=Gq—+Sq—, G‘—)\‘n‘

99’

n;:(f;—e;). (2)

The eigenvalues are taken inside the interval ]-2,0[ of linear

stability. The so-called magic combinations {A{’} are the

products of the positive eigenvalue functions A; and A;,

0-1.
A3)

For the sake of simplicity of the algebraic expressions, the

eo +A— * 1 1
AC=AA, AT =-|S+—=]. V g=1,...

source quantities %"- are put hereafter into the equilibrium.
The recurrence equations [26,27] represent the linear combi-
nations of four evolution equations (2) along one link: from
bulk grid node 7 to grid nodes r* ¢, and back. At steady
state, g5=0 and {g?(?), g=1,...,0—-1} satisfies four recur-
rence equations:

T R R F For TRt

where, V i,
_ 1 TN N
Aqw(;) = E['vlr(r+ cq) - lvb(r_ cq)]7
AZ(F) = A7 + ) = 207 + Y7 = C,). (6)

It is shown in [27] that the solution to the two first equations
(4) and one of the two equations (5) satisfies the remaining
equation.
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B. The TRT model

The TRT model sets all )\;' equal to A" and all A, equal to
\". This model has only one free magic parameter, called A,

hereafter:
B 1 1
AZO=Aeo—Aer’ Aq=A0— (—+__>,
2 A
q=17 ~’Q_1’
A=A, = (l+i> =0 0-1 (7)
7 =Ae= St qg=0,..., .

When N\ is fixed via the kinematic viscosity, which is pro-
portional to A,, or when N\~ is fixed via the diffusion coeffi-
cient, proportional to A,, the TRT operator can maintain A,,
at any positive value with the help of the second (free) ei-
genvalue. The BGK operator represents a subclass of the
TRT operators, with )C:)\":—lT, A,,=(7- %)2, and no free
relaxation parameter. Using one common eigenvalue \* for
all the symmetric components enables the TRT operator to
obey the mass conservation law based on the mass-
conserving equilibrium functions EQ_Ole;—EQ ()lfq7 p. One
common eigenvalue N\~ for all the antisymmetric components
enables the TRT model to match the hydrodynamic equations
with the momentum- conserving equilibrium functions

30 e =3 f =]
a=1%4¢ :
For Stokes and Stokes-Brinkman flows driven by a pres-

sure drop and/or a forcing, the momentum-conserving equi-

_ . S
librium function plus the force quantity —)\—,’ take the form

0-1

eo(Ft)=p— >, et P=cip,
g=1

ei(F)=P). Py=13P(p),

ke

F * T 7 1- e
e(rt) J a7 - —]q+A0Fq, ]:J+EF’ Y F,

D=0-C), Fi=r(F-C), ji=r(-¢). (8)
Here, c is a free parameter and the isotropic weights t obey
the constraints (8]

2 tchacqﬂ— o VP, 32 tq qa qﬁ—l a# B.
9)
The exact steady state conservation equations are
0-1 0-1
2 (=0, X g;c,(N=F(. (10)
q=1 g=1

With substitution of the recurrence relations (4) they yield

RS
)EAj JNCR)
q=
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0-1 0-1 0-1

_ - 1

N 2 2 >

S St = Fe 3 AnkE (4,13 a7,
¢=1 g=1 g=1

(12)

Owing to the linearity of the equilibrium function (8) with
respect to Py(r), j;(r), and A,F;(r), the postcollision solu-
tion can be written as a linear combination of one-argument
functions, here v,(-) and I (-):

D) = 7,2 + Ay, (FD) = 2A,T(P2),

4D = 7, (P = 2A[T, D + AT (FD. (13)

Multiplying Eq. (11) by A, and substituting relations (8) for
ej(?) and relations (13) for g;(F), the exact conservation
equations become

0-1 0-1
21 ANy = Ae,,El AP - ( ) 2 A2y (A
q= q=
0-1 0-1
2 *
+A602 Ay, (F >—2A6021 AIT,(PY),
q:

[An-3)

- 221 AT (A jD)C,
-

0-1 o-1
El APic,=F+ 2 AZAjoc,+ sz‘, AXFIC, -
q= :

x(E Aly,(PY)E,

0-1
2 k=
- 2/\6021 AT (F2)E,). (14)
p

When A,,= i, the last terms vanish in relations (4), (11), and
(12), then the nonequilibrium components and the conserva-
tion relations can be expressed via the variations of the equi-
librium components. In the general case, substituting rela-
tions (13) into the recurrence equations (4) and (5), it appears
that the solutions for the functions ,(-) and I'(-) depend on
the eigenvalues only via A,, (see [27]). It follows that the
macroscopic solutions of Egs. (14) for Aj(f) and P(7) are
independent of A, and A,, provided that their combination

A,, takes a constant value and F is either independent of the
eigenvalues (e.g., a constant forcing) or depends on them via
A,, [e.g., a resistance forcing below, proportional to A j(7)].
This property appears to be sufficient to explain the param-
etrization role of the TRT eigenvalue combination A,, for
steady Stokes and dimensionless Navier-Stokes solutions in
bulk. The TRT model is able then to yield viscosity-
independent numerical errors for steady solutions. The nec-
essary condition is to keep A,, at a fixed value with the help
of the free eigenvalue N\~ when the kinematic viscosity v
= %Ae varies.

C. Permeability measurements with the TRT and BGK models

It follows from the analysis of the Stokes equation that the
components of the permeability tensor derived from the
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mean macroscopic velocity value via Darcy’s law,
= S S 1
vj=K(F-VP), v=§Ae, (15)

may keep the same values for any v provided that A, is set
and the possible corrections due to boundary closure rela-
tions do not modify the parametrization properties of the
bulk solutions. A boundary scheme is not guaranteed a priori
to maintain the parametrization property of the evolution op-
erator, e.g., the linear and quadratic interpolations [35] do not
yield it (see the results in Table V in [28], Table 1 and Fig. 5,
6 in [29], and the analysis and Table VII in [26]). It is shown
in [26] that the bounce-back, multireflection MR1 scheme
[28] and several other classes of multireflection-type velocity
and pressure schemes [26] keep the parametrization property.
As a simplest example, locating the solid boundaries in the
middle of the cut links (6= %), the relative error of the boun-
ceback condition for the cubic law in the channel of width H
is

-k (2A,,-48)
i = >

H2
, kh=—. 16
B (16)

Taking Aw E one gets the exact value k™. The solutions
A,,= if extend these results for any distance 56 to the solid
wall in a straight channel using the magic lrnear schemes
from the (MGLI) family [26,36], which improve the linear
interpolations for the parametrization property. This solution
becomes szjéz for diagonal flow [26,37].

It follows that there is no one magic A,, value for any
flow. Moreover, if the numerical errors come only from the
lack of accuracy of the boundary schemes for the parabolic
velocity profiles, the macroscopic equations (14) contain the
higher-order corrections for the general flows. The depen-
dency of the permeability errors on the selected A, values is
examined for a cubic arrays of spheres in [26] (Table VI). It
is found that the MGLI schemes (which can be applied in a
local form for stationary problems) are sufficiently accurate
for porous flow when A,, is smaller (roughly) than %

The benefit of using a constant value of A,, over the BGK
model is illustrated for the permeability measurements of
fibrous materials (Table III in [28]), a body-centered cubic
array of spheres, and a random-sized sphere pack (Table IIT
and Figs. 4 and 8 in [29]). The BGK model yields A,,
=912, lacking any possibility of keeping A,, constant when
the viscosity varies. Using the bounceback condition for the
cubic law, the error increases as (48v°—1). Small viscosity
values are more accurate but quite inefficient for conver-
gence to the steady state.

III. THE TRT MODEL FOR THE STOKES-BRINKMAN
FLOW

Based on the equilibrium function (8), the Stokes-
Brinkman LBE model incorporates the resistance force F=
——(bK‘ ef, where ¢ is the porosity, K is the permeability
tensor of the modeled porous medium, and v is the kinematic
viscosity of the fluid. The parameter of the effective viscosity
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v, 1S %Ae based on the second-order Chapman-Enskog analy-
sis without accounting for variation of the forcing. Equation
(14) present the exact TRT form of the modeled Brinkman

equation (1) for the averaged velocity u =j—;} and the averaged

pressure P=P(p)/ ¢. These equations indicate that Ve; is con-
trolled by the nondimensional parameters, such as the poros-
ity ¢, the viscosity ratio f, and the Darcy number Da
=k/L* (with L as a characteristic length for the isotropic
mediim, K=kI), provided that A,, is kept at a fixed value

and f is set equal to J+ %F . They suggest that the additional
corrections may appear from the second- and hlgher order
variation of the forcing, described by AEOZQ lAf]F 4Cq and,
except when A,,=7, the last term in the momentum equation
(14). Let us illustrate this on the solutions for the Stokes-
Brinkman flow in a channel parallel to the arbitrarily inclined
x" axis:
Pv

_Fx':pOVeai’ux” P = Pos F:—ch’ Fc=7’

and j= ) (17)

Hereafter, we work in the rotated coordinate system
=(-1,), ¥V ¢and o' ={x",z'},

x'=xcosa+zsina, 7' =—xsina+zcosa, (18)
and define the finite-difference type operators Ezl,q and Ag,’q
along the link (cq, q) as

_ MZH—) _ w(zw)
A "= ———1= 19
nahe) =g (19)
W) = pz)) = 2(z') + ¢(Z’+)
Z -
®2
fl =Cqs Cgrt #0, (20)

where |.q| is the distance along the z’ axis between a grid
node 7 and its grid nerghbors r= c their z' coordinates be-
ing denoted 7z’ and z/ g respectrvely

A. Apparent viscosity in simply oriented channel flows

“Simple” flows are solutions in either a parallel (nonin-
clined, @=0°) or a diagonal (a=45°) channel. Only the links
with c,c r #0 contribute then to the variation of ]
=j(z’). Combining the periodic condition 8, *(z)=0 if

Cqv'Cqr=0 with the momentum constraint (10), here
0-1 0-1

E gq(Z )Cq)r’ _F ) E g;(zl)cqz’ =0, (21)
q=1

the solution for g;(z’) for the considered velocity sets is
necessarily
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g,(7') = 3cq-,F ), V gq. (22)

Substituting Fj=—1,Fj./(z")c gy, A2 @f,A", , and relation
(22) into Eq. (12), one gets
0-1

—Fo@)=(A, - AEOF)Ercq,,cqx A% in(2)+3

1
X<A 4>F 2 tq@tzicq"’cqx/Az’#ix'(Z,)'

(23)

When a=0° then z"=z* 1 and @2 ®2=1 for all the non-
horizontal links. When a=45° then z' —z’+72 and ®2
—®2—- for all the links with c,,/c,.r #0. Replacing A

with A . @ and ©, with ©, and using the second property (9)

the equlvalent (exact) finite-difference form of the TRT mo-
mentum equation (23) is

F,
Az' (~)jx'(Z,) =4p? j(z') where b2 = —0_,
R 4(1 + 6v,)
F, 1
Fo—j, Vg=§Ae, (24)
1 A
=|:®2<A60—Z)— 360:|F0. (25)

Hereafter, v,=v,+ 6v,=v,(1+ 6v,) and dv,=v,6v, denote the
apparent viscosity coefficient and its difference from the pre-
dicted value v,, respectively. The TRT numerical solution
and its apparent viscosity are controlled then by two param—
eters F o and A,,. The correction év, vanishes if A,,=3 3 and
A,,=7, for the parallel and the diagonal flow, respectlvely
The relatron (A11) in Appendix A 2 extends the solution (25)
for anisotropic force weights. Using them, one can also an-
nhilate the numerical correction in the viscosity coefficients,
at least for simply oriented channels as given by relation
(A12).
The BGK scheme yields A,,=9v%; then

@2
51/_(31/2(3@2—1)— )FO, (26)
87 -87—1
FA2TT 2 4=0°, 02=1,
S, = 12 27)
S R P P , 1
F—T a=45°, @=-.
12 2

These solutions correspond to the formulas (11) and (12) of
N1e and Martys [7], if we take there c =7, or=1 and replace
k “ with F.. Their solutions are obtarned by solving the BGK
evolution equation with respect to velocity, with the help of
the methodology [38]. The relation (26) shows that the nu-
merical solution of the BGK scheme is not controlled by the
governing parameter F(, because of the dependency of the
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relative viscosity error év, on the viscosity. It is noted that
the nonlinear function (26) increases rapidly with v, with a
prefactor equal to (6V2—:‘1) in the straight channel.

B. Macroscopic solutions

The exact solution of the model Eq. (17) is

IF, F.
B_u7 FO—_
2 v

e

jo(2') = k125 4 kpe 25 , (28)

where the coefficients k; and k, are fixed by the boundary
conditions. The solution of the numerical scheme (24) has
the form

jo(@) =k + ko (29)
where
1+P b*0?
(C] 2
=5, S§= , P=———. 30
TES SETp 1 + 5202 (30)

Here, s is a root of the equation s*—2s(26°0%+1)+1=0.

This numerical solution is equal to the exact solution (28)

when r=¢28, ie.,

P =tanh(BO). (31)
One satisfies this condition by either taking F"™" # F,
F3"™(B,A,,,0)
12
T 4A,,(1-302) + 302 coth’(@B)’
vV A, (32)

or, alternatively, prescribing

3[1 - B?0? coth’(@B)]
4B%*(1 -30?)

=482, (33)

A.o(B,O) = when Fy'™=F,

The TRT model can satisfy the condition (33) for any pair of
prescribed values F'™ and »,"™ such that A,,(B,0)>0,
4( )““”‘ For the BGK operator 1)""= \Aeo(B ®), then

F s fixed by the selected B value.
Numerical validations of the exact solutions obtained
above and in Appendixes A 2 and A 3 need to prescribe

exactly the incoming populatrons f4(rp)= (eq+x‘i —“)(r,,) at
the grid boundary nodes 7,. When the assumed solutlon sat-
isfies the evolution equation exactly, the system will con-
verge to it when the exact boundary closure relations are
used (or stay on it when the exact populations are intialized).
This was validated for the parallel and diagonal flow using
the d3Q15 velocity set and prescribing the solution (22) and
(A2) for the nonequilibrium components. When the nonequi-
11br1um solution is not known, one can take A,,= L and com-
pute g , in the finite-difference form given by relations (4) on
the assumed equilibrium solution. Moreover, given the mac-
roscopic boundary values u#”(7,), the linear combination
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f(}(;b’t + 1) = [.fq _f(7+ 4A(1(g; - F;)](Fb’t) +fq(;b - Eq’t)
i) - G,) (34)

yields the exact closure relation j,(r,)=po[u"(r})-c,] for any
steady solution. This scheme represents the MR1 scheme
[28,36] for §,=0, suitable only when the flat walls are lo-
cated at the grid vertices. However, the scheme (34) con-
serves some specific nonequilibrium distributions (see [36])
and it should be restricted to testing of the derived solutions,
e.g., based on the exact initialization of the populations.

C. Arbitrarily oriented flow

The solution (22), g;(z’)—3c2 F*, is valid for arbitrarily
rotated force-driven Poiseuille flow. Then 8, “(z’) is constant
along each link, Afig ;=0, and the dlrectlonal Laplace opera-
tors AZ,, W (z") in Eq. (23) reduce to (95 .Jx'» giving the exact
Poiseuille profile. However, except for the linear and para-
bolic flows, A2 (@) differ for all nonparallel links. We
conjecture, analyzmg the possible projections of {g } on the
relevant antisymmetric basis vectors [e.g., given by relatlons
(A7)], that the solution in the form (29), j.(z')=k;r

+kyr™', cannot satisfy the reference equations (4) in an arbi-
trarily rotated channel, at least using the isotropic force
weights. However, we could show that this solution can be
obtained for the (scalar) variable (z') of the diffusion equa-
tion Fyi= (9? ,4, solving it with the L model and the aniso-
tropic set of antisymmetric relaxation rates. The hydrody-
namic modeling is restricted to the isotropic linkwise
operators (TRT model) because of the additional momentum
constraint. Let us then limit ourselves to the second-order
(isotropic) approximation

N jo@) = Tjo(@) when cpucp #0. (35)

qx = qz

Moreover, assuming that the solution (22) presents, owing to
the momentum properties (21), the second-order approxima-
tion for g, “(z') in arbitrarily rotated flow, the momentum
equation keeps the form (23) and yields

- Fx’(Z,) =~ Vt(zz)a?’jx’(zr)’ VZZ) = Ve(l + 5(2)1/6)’

2 EYOWR I [ L |
4 3 \3
(36)

Here, v, is the model parameter given by relation (A8) and
k. #0 corresponds to the anisotropic force weights (A6).
For simple orientations, 7,=0% and 6% v, reduces to v,
given by relation (A11) and then to relation (25) for isotropic
force weights (k. =0). One can again remove 62v, with the
help of A,, or k.., but only for each particular orientation.
The solution (36) shows that the second-order estimate of the
difference between the apparent and predicted values, VZ)

v,, is equal to —A—F when A,,=1/4 and k,»=0. This value
also follows from the second-order Chapman-Enskog analy-
sis, when the second-order force gradients are taken into ac-
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count, but (as usual) the second-order variation of 8, [the
term E LA, - %)Angcq in Eq. (12)] is neglected. For the
Brmkman ﬂow AngOCAq]x/ and the om1ss10n of this term
becomes inconsistent, except for AH,

We suggest keeping A,, close to 7 4 when one can expect
significant corrections from the variation of the nonequilib-
rium components and/or source terms. Using the standard
equilibrium weights (k,»=0), one can consider then V(z)

=v,(1-5°F,) as the apparent (isotropic) viscosity coeffi-
cient. The possibility of reducing the next-order correction is
considered in Appendix A 3. However, further numerical
work is needed to establish optimal and robust strategies for
realistic computations.

D. Navier-Stokes equilibrium

We recall that, for simply oriented channel flow, the mac-
roscopic velocity solution of the TRT Brinkman model based
on the linear equilibrium (8) satisfies the finite-difference
type equations (24) and (25). These relations are also valid
for the arbitrarily rotated Stokes-Poiseuille flow, which is the

exact solution of the linear LBE schemes with 6v,=0. We
examine in Appendix B the possibilities of getting a one-

dimensional solution j=j,(z’) when the symmetric equilib-

rium component gets the nonlinear term E, (] p,a,), given
by relation (B1) as a function of the free equ111br1um param-
eter a.. We keep in mind p=p, for the incompressible
Navier-Stokes equation and p= ¢p, for the LBE modeling of
the Forchheimer-Brinkman equation (e.g., [20]).

It is found that the velocity solutions for Poiseuille and
Brinkman flows remain unchanged in the parallel channel for
any «,, but the population solution gets corrections that con-
serve both mass and momentum and are given by relations
(B6) and (B14). This solution is maintained for the Poiseuille
flow by the principal linkwise boundary schemes, like boun-
ceback, linear interpolations, and several others (see Sec. 3.2
in [36]).

However, a one-dimensional diagonal velocity is compat-
ible with the mass and momentum constraints only for one
particular value «,, given by the solution (B13), for both
Poiseuille and Brinkman flow. This choice differentiates the
nonlinear term E;’(; ,0,a,) from the standard one [8]. The
diagonal flow has then equal solutions for Stokes and
Navier-Stokes equilibrium using the BGK, TRT, or multiple-
relaxation-time (MRT) schemes.

The arbitrarily rotated parabolic flow is the solution of the
LBE schemes in bulk only when a, satisfies relation (B13)
and A,,=7;. Exact numerical validation of this solution is
possible, e g by using the exact population solution for all

incoming populations, f7(r,) = (eq+x”f —”‘)(r,,) where {gq }is
given by relations (22) and (A2) plus the correction (B6). No
exact solution for Stokes or Navier-Stokes Brinkman scheme

was found in an arbitrarily rotated channel.

IV. COEFFICIENTS OF THE CHAPMAN-ENSKOG
EXPANSION FOR STEADY SOLUTIONS

Nie and Martys [7] interpret the angular-dependent devia-
tion Ov, of the apparent viscosity coefficient from the pre-
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dicted one as a ‘“breakdown” of the Chapman-Enskog
(second-order) expansion. Our goal is to show that if the
solution exists as a full (infinite) Chapman-Enskog series, it
then satisfies the reference equations and their macroscopic
relations. The full series yields then the exact solution for the
apparent viscosity for the Brinkman flow. A key point is to
put again the force quantities —F ,/ N\ into e ; one gets then
with no extra effort the gradients of the forcing in the expan-
sion, together with the ones for the momentum. Otherwise, it
is risky to truncate a variation of the forcing, as for the
second-order Chapman-Enskog analysis [7,19,20]. Follow-
ing the principal idea of the Chapman-Enskog method, let us
assume that the steady nonequilibrium solution of the L
model can be expanded around the local equilibrium:

[ () =e, (A +n; (7). n, (7)= 2 n, (P, then

=1

g, (M= Eg*“’(a g, =xn, . (37)

With the help of the directional derivatives

= (C- V)V Vi k= 1, (38)
we look for the infinite solution in the form
+(2k=1) (») Aok-1 azg ¢ (;) k=1
8¢ k-1 ° 7%
arer (P
NG 2o F Al oy 39
827 R (39)

The coefficients {ay;_;,a}, k=1, are derived in Appendix
C:

a1=l, 61221,

1 2k =1)!
=1+2{A -~ ,
21 ( a 4>1§<ka2"_1(2n—1)![2(k—n)]!
k=2,
1 (2k)!
—1+2( A - - — = k=2
o ( ‘ 4)1§<k“2"<2n>![2<k—n>]z

(40)

The solution (37) and (39) with the coefficients (40) coin-
cides with the solution [27] of the recurrence equations for
8, (e ) assuming it in the form of an expansion around the
equlhbrlum (see also Appendix C). The apparent macro-
scopic equations given by the infinite Chapman-Enskog ex-
pansion are then the same as those given by the solution of
the recurrence equations, at least when the solution has the
form of a series, and the possible corrections owing to clo-
sure boundary relations are not taken into account (see [27]).
The second-order expansion in terms of 8=%, L being the
characteristic size, corresponds to [=2 (k=1) and yields for
the TRT operator

PHYSICAL REVIEW E 77, 066704 (2008)

0P =ae5 .m0 = 2,

then
8, P ==A"Fe, (7. (41)

Substituting e (z )=(1-F_.A,) ]q(Z ) and assuming un1f0rm
pressure, the truncated momentum equation ZQ l(

+n (2))C =F reduces to Eq. (36) with 117 =v,(1- “”FO)
Wthh corresponds there to A,,=y, k,=0.

V. CONCLUDING REMARKS

This paper extends the analysis of the exact parametriza-
tion properties of the numerical solutions of the hydrody-
namic equations to the Stokes-Brinkman case. As for the
Stokes and Navier-Stokes equations, only when the “irrel-
evant” collision eigenvalues are selected with specific rules,
is the physically sound parametrization of the solutions kept
for all orders. The analytical solutions for channel flows con-
firm that, when the forcing factor F. and the parameter of
effective viscosity v, vary but their ratio is kept at a fixed
value, the TRT Brinkman evolution operator obtains the
same solutions for the velocity provided that the eigenvalue
combination A,, is fixed to some value. Taking A,, inside
the interval ]0, %[ avoids large bulk and boundary discretiza-
tion errors. At the same time, the relative apparent correction
to the viscosity coefficient is related linearly to Vg for the
BGK-based Brinkman schemes and the obtained velocity is
not fixed by F./v,, as the BGK-Stokes velocity solution is
not fixed by the applied ratio of the forcing to kinematic
viscosity.

One should keep in mind that the derived solutions (25)
and (A1) for the apparent viscosity coefficient and the so-
lutions (31)—(33) or (A12), which equate the TRT solutions
either to the exact or to the finite-difference ones, are valid
only for simply oriented Brinkman channel flows. The ap-
proximate solution (36) for the apparent viscosity allows us
to extend them for arbitrary flows. The particular choice
Ae():i avoids impact of the second- and higher-order varia-
tions of the nonequilibrium components and sources on the
apparent transport coefficients, for any steady problem. The
second-order estimate of the apparent relative correction to

the viscosity coefficient reduces then to 6v, ——ﬁFO One
can remove this correction by subtracting Ae(,AzF from
each population solution, for any forcing (Appendix A 3). It
is noted that Aeo=411 also has advanced stability properties
(see [25]) but this value is not the most accurate one for the
bounceback condition in simply oriented channels.

It was shown that the exact channel solutions are not com-
patible with the nonlinear (Navier-Stokes) equilibrium term
even for the parabolic (Poiseuille) flow, with a few excep-
tions. The first one is the parallel (noninclined) flow. The
second one is the diagonal flow with a very particular choice
of the equilibrium weights. This is also valid for the Brink-
man flow. The arbitrarily rotated Poiseuille flow can become
the exact solution of the LBE with Navier-Stokes equilib-
rium only when Ae0=%, in addition to the restriction ob-
tained for the diagonal flow.
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It was also shown that the infinite Chapman-Enskog
steady expansion for the nonequilibrium solution compo-
nents satisfies steady recurrence equations. The presented ex-
plicit solutions for the coefficients of the Chapman-Enskog
expansion given by relations (40) allow any-order approxi-
mations of the stationary conservation relations to be built.
The analysis based on recurrence equations is suitable for
any form of the equilibrium and source terms. They allow
the exact dependency on the relaxation rates for macroscopic
equations to be examined, without construction of exact mi-
croscopic or macroscopic solutions.

The results presented here were derived using the TRT
model, but their extension to MRT models follows the same
lines, using the recurrence equations derived in [27] for the
most general MRT L model. Their sufficient parametrization
condition is to maintain all nonzero magic combinations for
the symmetric and antisymmetric modes at fixed values. We
also expect that the analysis of the Navier-Brinkman MRT-
or TRT-based models is straightforward, by adding the
Forchheimer drag to the resistance force (see [20,40]) and
combining the Navier-Stokes analysis [26,27] and the
present approach. The recurrence equations for the transient
solutions can be found in [27] but they have not yet been
explored with respect to high-order Chapman-Enskog analy-
sis.

The problem of the boundary conditions for the Brinkman
schemes was not addressed in this paper, the numerical vali-
dation being restricted to the exact boundary closure rela-
tions. However, the form of the nonequilibrium solutions
given for the simple flow by relations (22) and (A3) tells that
their discrepancy from the “standard” solution (correspond-
ing to a constant forcing) is proportional to the apparent

viscosity correction &v,. This suggests a revision of the clo-
sure relations set by the bounceback, linear interpolation, and
other schemes, with respect to their effective accuracy al-
ready at the first order. It would also be interesting to de-
velop the interface analysis of the lattice Boltzmann Brink-
man scheme for materials with a large contrast of
permeability values.
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APPENDIX A: BRINKMAN SIMPLY ORIENTED
CHANNEL FLOW: DETAILS

1. Continuity equation

The recurrence equations (5) yield

Agy(z') = (Ages - M) (). (A1)

Let us prescribe the uniform solution for e’(z') and the so-
lution (22) for g;(z’). Substituting then AeAég;’(z'):
—qu;(z’) into Eq. (4), the solution for g7(z") is given by

PHYSICAL REVIEW E 77, 066704 (2008)

1 <
egq(z ) A Aq]q(z )+ |: eo ™ 3®2<A(‘0_ Z>:|Aqu(Z )a
(A2)
or, equivalently,
gi@) = (14 dv)A, 2. (A3)

Taking the sum of relation (A3), the mass conservation equa-
tion (11) yields
0-1
zg (Z) (]+5V)A’0.]x (2 [q qx'C Z/):O. (A4)

In contrast to the momentum equation, the continuity equa-
tion does not get any corrections from variation of the forc-

ing in simple channel flows. When v, vanishes (e.g., for a
special choice of free parameters), g;' takes the form that one
would expect for the channel flow:

g1 =475z, (A5)

which reduces to g7(z') =10
flow.

1jx(2")e ey for the parabolic

2. Anisotropic force weights
Let us now examine the modification of the equilibrium
force quantities in the form

F;—)F;+F;a, *a—krFxrh r+krF ’hqz’

h r—tC (l

q“qx’

2 2
3qu,), g =1tc (1_3qu/)- (A6)

q“az
Here k,, and k,, are some constants and {%,,} and {h,,} are
orthogonal, mass- and momentum-conserving basis vectors
of the MRT model:

0-1 0-1

D g =0, X hypc,e=0, ¥V a,B. (A7)
g=1 g=1

They obey the following properties, derived with the help of
relations (9):

1 _
tha Cqa qﬁ'=§"’w

0-1
Z qa'Cq,B’ = —(3 +cosda), V o #p,

(A8)
0-1
Zhﬂ,cqa,c =0, V o #p, tha Coo
o
1
Esm 2, V « (A9)
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1
2 hqz w =" E hgyrc q7, = —sm 4a.

L
—sin 4a,
2

(A10)
These relations are valid for the d2Q9, d3Q15, and d3019

velocity sets. The solution (22) keeps its form, and the ap-

parent correction v, given by relation (24) then gets the
term Am(3 v,k F, [from the first term in the right-hand
side (RHS) of Eq. (23), EQ 1AZA e, c , using relations (A8)].
It becomes for simple or1entat1ons (Where v —.2)

1 1 (1
= {@2(/\60— —) —Aeo[—+ (— - oz)kX,HFO.
4 3°\3
(A11)

The following solution annihilates it:

202-(302-1)A,,
Aeo(3®2_ 1) ’

ko=ky, where ko= ={0°,45°}.

(A12)

3. Further reduction of the apparent viscosity corrections

Let us examine what happens if one tries to remove the
terms due to force variation from the macroscopic equation
taking (for any forcing, in principle)

8, = 8y~ NALF,,  ACF,=Fi(F+c,) = 2F ()
+F,(r-c), q=1,....0-1.

One can include again the total momentum correction in e,
[cf. relation (8)]:

(A13)

ey =jn+ AF, — o+ A JFo—LAAF,.  (Al4)

Here I,:—— >0 if j is defined with relation (17) or I;=A, if
]q J +-F includes —-A AZF (see below). Substituting

gq— A A [see Egs. (4) when Aeo 4] with relation (A14)
into the momentum equation (10), it takes the following (ex-

act) form for simple flow:
2
ZAi’,@)(Ag',@)jX’) + Af’,(’ﬂxl = FOjX" A2 = 4Fc[lAeo®2’

(A15)

when

F=—F(j— 7,0, o). (A16)

Looking again for j..(z") in the form (29), and owing to the
relation
) O-24+,79
where 4a“ = T,
(A17)

2 2 242 o
AZ,,®(AZ,’®I’” )=4a AZ,’QrZ

Eq. (A15) is satisfied if

PHYSICAL REVIEW E 77, 066704 (2008)

- / 2
(12 - L:AFO ( Al 8)
2A
The velocity solution satisfies again the finite-difference
scheme (24) but with »? replaced there by a®. With the rela-
tion (A18) substituted into Eq. (A15), an equivalent finite-
difference equation takes the form

> Fy

A?, ol v =4d%j, a>=———— where 6V, =A%
o 4(1+3%,) ‘

1 —
= 5(— 1+\1+A%F,). (A19)
This shows that removal of the principal force correction
(A13) when A, =3 L does not annihilate the apparent V1scos1ty
correction, because of the proportionality of A ,O(A o)

and j. Indeed, the negative correction 6% v,=— TF o 1s re-

placed here with the positive correction 8Yv,, 8Yv,<|é,),
only when A, Fy< 5 in parallel flow. When A, F is small

2
enough and I,=A, then &%y, behaves as FO
3(A60FO) 2@?, confirming the expected (anisotropic) behaV—
ior (A,,F,)" for higher-order corrections 6%"v,

In agreement with the dimensional analysis above, the
exact solution is controlled by F, and A,, only when I,
=A,, i.e., when J is related to J via one-half of the whole
force quantity (A16) Usrng the relatron (A19), one gets j

| R

T 24F (1-442A,,0%) " When A
(A13) is included, the truncated equatlon for arbitrary flow is
given by relation (36) with 8?v,~0, provided that F, is
sufficiently small and the fourth- and higher-order correc-
tions can be neglected.

, k,=0, and the correction

APPENDIX B: POISEUILLE AND BRINKMAN FLOW
BASED ON THE NONLINEAR EQUILIBRIUM FUNCTIONS

Let us add the nonlinear term E;(; 0, to e; in relation

(8),

—|l/||2 Wil
2p p

When «.=0, the distribution function (B1) takes its original
form [8,39] (restricted there to c2= %). The isotropic distribu-
tion {€,=€;} has one value per velocity class p=||c,[*. This is
given by the components of the fourth-order polynomial ba-
sis vectors of the MRT model, e.g., €,=—4, €/ =2, &=-1 for
d209, =8, €=-2, &=1/2 for d3Q15, and €=12, €=
-4, &=1 for d3019 (see [18,23,32,33]). The vector {e,}
conserves the mass, Eg 0 €,=0, and its second moments van-
ish, E T echac =0, V a,B. The equilibrium correction
{a.€ } does not influence then the second-order conservation
equations; its possible impact on the stability was numeri-
cally investigated by Lallemand and Luo [33].

In the presence of the nonlinear term, the postcollision
solution (13) gets the corrections g, (r) — g7 (r)=2A,T'(E})
and g, (r) — g, () +7v,(E). Owing to the linearity of the re-

/€,

* 3j
E+(]7 p,« 5) q €Cq- (Bl)
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currence equations with respect to the equilibrium compo-
nents, the recurrence equations (4) yield

1
2T (E}) = AJE! + 2(Aw - Z)Af]Fq(E;),

1
V() =AE!+ (Aw - Z)Aﬁyq(E;). (B2)

The fourth-order accurate approximation of these equations
takes the form

1

2T (E}) = AE} + <A ) AIAGES, (B3)
1

Y(E}) = AE!+ (Aw )AquE; (B4)

Let us assume now that the LBE system gets a one-
dimensional invariant solution j=j,/(z’); then

2
N Jyr 2
/e A *
q(],P,ae) =-— —2ﬁwq, wq=2a66q+tq(l —3cqx,).
(B5)

The last terms in Egs. (B3) and (B4) vanish for the linear
velocity distribution, e.g., arbitrarily rotated Couette flow,
where 075 , ji,zconst. The solution given by relations (B3) and
(B4) is exact for the parabolic flow where &j, ji,:const, and
they yield

n(E*)——[H DY+ B w,c,.. where HV

qq?

. . — . . 2
:]xro"zl‘]xr, H (3): 3(Ae()_ E)(az/jxl(??,‘]x/)cqz,,

A
—2A L (ED) = - —?[H* D) + H
p
where H*?) = jxrcf, T

1 .2
g)(ajfxochz,.

2
X(2")wye,,
+ (az’jx’)z, H+(4) = 3<Aeo -

(B6)

This solution coincides with the exact Chapman-Enskog ex-
pansion for the parabolic flow [cf. relations (39) with (40) for

PHYSICAL REVIEW E 77, 066704 (2008)

k=2 or relations (3.6) in [36]]. The assumed one-
dimensional parabolic profile may exist, but only provided
that the expansion (B6) satisfies the conservation relations
(10). The relevant moments are determined by the following
relations, valid for the d20Q9, d3Q15, and d3019 models and
any inclination angle a:

0-1 0-1 0-1
> w,=0, > WyCyerCaxr =0, > wqcf[z, =0, (B7)
g=1 g=1 gq=1 i
0-1 1
D Wl == Esinz(Za)(l +kea), k.=24, (B8)
g=1
> Wquerq ,==3 sin(4a)a,. (B9)

It follows that the fourth-order corrections to the continuity
equation and the momentum equations, along the z' and x’
axes, respectively, become

0-1

-A HJr
~20, 2 gy(Ep) = —"— 2 Wl
g=1 p
3A 1
2(jer)sin®(2a) (1 + k.a )( —),
2p 6
(B10)
Q- -2 3(0yrj 8 jir)
H 2'Jx z']X .
> g (Ey)cy = E w, c o= Tsmz(Za)
g=1 P
X(1+k )(A ! ) (B11)
+ -=
EaE eo 12

0-1 02
> 8, (Ey)cqn = 2 WquXqu =
g=1

9(azrj.xrr7§,jxf> !
- —Asin(4a)aE A, - E .

(B12)

These relations tell us that the corrections vanish for parallel
parabolic one-dimensional flow (@=0°). In the rotated flow,
the corrections to the conservation equations vanish when
the velocity field is linear, &5 Jy»=0. When the flow is diag-
onal (a=45°), Egs. (B12) have no corrections to the momen-
tum equation for j,/(z") but the corrections (B10) to the con-
tinuity equation and the ones given by relations (B11) for the
vertical momentum Eq. (B11) vanish only if

ae=——",

€

k.=24 when eq=Ce;, Y C.

(B13)
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When «, satisfies relations (B13), then E; =0 for all links
with ¢,.» # 0 in the diagonal flow. It follows that the postcol-
lision correction (B6), describing its evolution, vanishes, and
the nonequilibrium solution for both Poiseuille and Brink-
man diagonal flows is the same as for the Stokes equilibrium
and given by relations (22) and (A2). Finally, only when a,
satisfies relation (B13) and Aeo=% do all macroscopic cor-
rections vanish for the arbitrarily rotated parabolic flow.

For Brinkman flows, the nonequilibrium correction satis-
fies the system (B2) and Eqs. (5). Computing E with the
velocity solution (29) and (30), the correction 1s 51mp1y
=2A,I(E))=-A, A2E+ and y,(E;)=AE; when Aeo—-.
Equatlons (5) yleld for arbitrary Aw

-2A,T,(E}) ==-2A JK(Z)chZ, Yo(Ey) = 1K (2)c,,
_ R 2.0z _ 32,2 _(2@)_1)
K= an o e R= ey
(B14)

The population solution in parallel Brinkman flow is given
by relations (22) and (A2) plus the correction
{—ZAOI‘q(E;), g;(E;)}. This correction has no impact on the
macroscopic velocity. The diagonal Brinkman flow can take
place only when a5=—c+{s, eq=Ce;; the solution (22) and
(A2) is then valid and the macroscopic solution is the same
as for the Stokes-Brinkman modeling.

APPENDIX C: CHAPMAN-ENSKOG EXPANSION AND
RECURRENCE EQUATIONS: DETAILS

Let us consider relations (37)—(39). We utilize the
Chapman-Enskog methodology by applying the Taylor ex-
pansion to the spatial variation of the truncated solution
f(,),q:eq+§‘,lgi<lnqi), and a parity argument:

arnI(Zk—l—r)
- _ 99
G- 3 ,
r=2s-1,1=s=<k r:
I @k1-n)
Z97q
+ 2 ' b
r=2s,1=s<k r.
In +(2k-r)
g+(2k) 2 Iglq
q r‘
r=2s,1=s=<k .
I T 2k)
+ > %% ith n;(0)=e‘
r=2s—1,1=s=k r.

(C1)

Prescribing the form (39) for all the components n*(’)

=}\%g 4 - the relations (C1) result in the four following rela—
tions:
Aok-1 1 L E Aop-1
k-1 k=11 T NS 2(k-m)]! 2n - 1)

qui ary

SN SLR2k-n) - 1] 1 2n)!

(C2)
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= ok Aon-1
B N S
9 (2k)! (2k)' q1§<k[2(k n)+1]!'2n-1)!
2A7 a
-y = . (C3)
)\(; 1=n<k [2(]( - I’l)] ! (2}1)‘

We use the following equalities to derive from them relations
(C5) and (C6):

.
2 20,1 1,
)\q )\q )\‘1 )\q

1 2AF 4A°
_4_1) and - —%t+— (2A+)

x{z(Af]”— i)] (C4)

With their help, equating the RHS of the two relations (C2),
we get

2 Aon _ 2 Aop-1

o @) 1 [2(k=n) =110 52, 2n=1) 1 [2(k—=n)]!
(C5)

Multiplying the upper and lower relations (C3) by ZA; and
ZA;, respectively, and equating then their RHSs, we obtain
the second condition on the coefficients:

2
(2k)!

2 Aop-1

L n=D) 1 [2(k-n)+1]!

eo #
"4 1§<k 2n) ' [2(k-n)]!" (Co6)

Replacing the last terms in all relations (C2) and (C3) with
their equivalents given by relation (C5) and (C6), the coeffi-
cients {a,;_;,ay} in relations (C2) become expressed via the
previous-order coefficients of the same parity. This gives the
solution (40).

It is straightforward to show that the obtained solution
satisfies the recurrence equations (4), by substituting it into
them and replacing there the lattice discrete operators by
their Taylor approximation:

kl
A= ——— /A «//22

k=1 (2k— l)‘ k=1 (2]{)‘
(C7)

One gets with a parity argument from the recurrence equa-
tions (5)

el !

- A A2 A1
A2k9% €4 _ — _q_q_
gl (2k)! gl k-1~
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& E a2k_1¢92k_lei Az - 2A60A22 azdekei
=Ae + —44
=T k—1) % TR Sas o)

(C8)

PHYSICAL REVIEW E 77, 066704 (2008)

Expanding again the finite-difference linkwise operators into
the series (C7), the relations (C8) become equivalent to re-
lations (C5) and (C6). It follows that the obtained series sat-
isfies the recurrence equations (4) and (5).
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